The thermal rms fluctuation in position of a levitated microparticle in a Paul trap in N2 near standard temperature and pressure is calculated numerically from a stochastic equation of motion and is measured experimentally by long term imaging. The calculations reveal loci of minima within the lowest stability region and enhanced fluctuations as the first instability is approached. Pseudopotential results deviate below our calculations progressively with increased drive potential. This disparity grows by more than an order of magnitude near instabilities, although the pseudopotential approach provides a good asymptotic approximation for small drive potentials. Long term imaging experiments are performed in a trap modified to eliminate stray static Aelds at its ac "null" point. These experiments are well-described by the stochastic model and suggest the use of such a trap as a stage for long term fluorescence and Raman microphotography experiments on individual microparticles in a gaseous environment INTRODUCTION 
INTRODUCTION
There has been a great deal of attention paid to the limitations in confinement of individual subatomic charged particles in Penning trap@ and atomic ions in Paul traps314 in vacuum. However, outside of stability calculations,' limitations for the confinement of a charged microparticle within a Paul trap (C&U. electrodynamic levitator trap, ELT) in an atmosphere near standard temperature and pressure (STP)6 have received little attention. This is somewhat surprising considering the recent plethora of techniques that have been developed for the characterization of microparticles in the ELT near atmospheric pressure. The traps have been used in spectroscopy for obtaining the fluorescence,7'8 Raman, ' photoemission," and infrared (IR) ' I spectra of individual particles as well as in the measurement of mass,12 charge,12 magnetic susceptibility,i3 vapor pressure,r4 temperature,15 viscosity, and surface tension.16 A gap in the use of this device near STP is in the area of imaging weak scattering processes. With an interest in spatially resolving fluorescence and Raman scattering from the interior of a spherical particle (i.e., microphotography), we ask a simple question: What is the dimensional extent of thermally induced fluctuations of a particle trapped in an ELT near STP, and do these fluctuations affect long term imaging?
The fundamental optical resolution in the imaging of scattering from a particle on a glass slide or a particle in liquid suspension is well-known to microscopists to be controlled by diffraction, and is given by half the operating wavelength il divided by the numerical aperature of the objective, i1/2 (NA) .I' Of course, classical mechanical fluctuations do occur for a particle in liquid suspension, however, these have been well characterized long ago." For *)Permanent address: New York City Technical College, Brooklyn, NY 11201.
individual particles in an ELT near atmospheric pressure the situation is not so clear. Here the particle is drawn to the null point at the center by alternating gradient forces where it experiences fluctuations associated principally with molecular impacts. Although pseudopotential theory3'19 can be used in estimating the mean-square fluctuation for such a particle at atmospheric pressure,'0Y20 no stochastic calculations or experimental data have been presented to establish the region of applicability of this model. In what follows we will (1) establish the limit on the mean-square fluctuation set by "Brownian forces" in an ELT by stochastic calculations, and (2) present experiments to demonstrate the validity of this approach.
LIMITATIONS TO IMAGING SET BY BROWNIAN FORCES
A typical trap for microparticle experiments is shown in Fig. 1 . A micrometer sized particle is charged and injected into the levitator-trap either through a hole in the top electrode or through the side (as shown in Fig. 1 ) using a single particle injector, such as an on-demand jet. ' The,trap consists of three electrodes. The top and bottom electrodes are hyperboloids of revolution spaced by 2zo, and the center electrode is a torus having a hyperbolic cross section.4 With time varying voltage Vi cos(wt) applied to the torus, relative to the top and bottom electrodes, a nearly perfect oscillating quadrupole potential a ',,( p,z,t) is pro'duced in the interior,
where p is the cylindrical coordinate (i.e., p2=x2+3). In addition, a constant voltage V,, is divided equally between the top and center and between the center and bottom electrodes in order to produce a static interior potential cPd,(p,z) whose associated electric field is set to balance gravity at the trap center. A spherical particle injected into a gaseous atmosphere is pulled to the center by alternating gradient forces, as illustrated by the simulation in Fig. 1 . In the absence of fluctuations, and with the weight of the particle balanced, the dynamical equation for the motion of the particle from Newton's 2nd law is
where r is the radial position vector, q and m are the particle's charge and mass, and f is the Stokes' drag coefficient. We are principally interested in viewing the particle from the top (x-y plane) or the side (e.g., z-x plane). However, since the Eq. (2) easily separates into similar independent equations along z and perpendicular to it, we restrict our interest for the moment to the motion along z for which the dynamical equation follows from Eqs. (1) and (21, z cos(wt) =o.
Based on Eq. (3)) in a region of stability, z damps exponentially, and the particle eventually settles to the center of I the ELT and does not move. This deterministic equation is clearly an approximate description; the fluctuationdissipation theorem demands that the introduction of a dissipative force (i.e., drag) requires a corresponding fluctuating force R(t) in Eq. (3):21
For a micrometer sized particle in air at atmospheric pressure, this fluctuating force, the Brownian force, is zero mean white noise with covariance where we have used the transformation rl -> r -rl to obtain the second integral from the first. Since we are interested in the mean-square-fluctuation associated with long term imaging (i.e., averaged over many cycles), it is useful to look at the limit of C ( 7) as r becomes large. Here we are aided by the periodic nature of the electric field [i.e., the electric field is periodic with period r from Eq. (lo)]. Thus, the response h(nn;nrr--Tl) for integer n is precisely the same as h (0, -rl). Furthermore, in a region of stability h (0, -rl ) damps exponentially with r1 and C(ns-) becomes independent of n for very large n. As a consequence, the mean-square-fluctuation of z1 for long term imaging may be approximated by
The numerical evaluation of Eq. ( 13) is facilitated if the function h is shift invariant; h(0, -rl) =h(ri ,O). Certainly, Eq. (10) reveals that this is the case if 7, is an integer multiple of w (i.e., equivalent in real time to integer periods). Under this approximation, Eq. ( 13) gives the "shift-invariant-based" mean-square-fluctuation (z$, to be (+$s=~ Jam dqh2(q,0).
In other words, if h is shift invariant, then (8) may be evaluated by launching a pulse at zero time in Eq. ( 10) 
Equation (15) reveals a physical problem with the shift invariant assumption. In brief, not all molecular collisions occur, as Eq. (15) implies, with the internal electric field at its maximum value [i.e., at ~=0, cos(2~) = 11. The key to overcoming this difficulty is to introduce a random phase $I in Eq. (15), for which the equation of motion is --+h(T,$)cos(27+#)=6 (7). (16) Now each separate phase produces an associated variance similar to Eq. (14), and the mean-square-fluctuation associated with molecular collisions having all possible phases is obtained by averaging over $:
Although Eq. (17) has been derived, in part, on physical grounds in the preceding discussion, the result can be shown to be formally correct.23
NUMERICAL SIMULATIONS
The calculation of the integral I in Eq. ( 17) involves launching a pulse at ~=0 for a given 4, a, and fl, with dh/dr= 1 and h=O, and integrating the square of the associated h until the integral converges. The phase is then stepped, the integral repeated, etc., until sufficient phases over a 2~ interval are used to form an accurate average (i.e., usually this involves 100 phases uniformly distributed from 0 to 2~). The integrals were found to vary smoothly with phase for a given (a$) pair and by less than a factor of three between extremes. Figure 2 shows 1 vs S for a= 1.0, 2.0, and 4.0. These curves, and curves calculated for other values of a between 0.5 and 4.7, within the lowest stability region, bear a number of common characteristics such as: ( 1) an inverse square behavior in the small p limit (region A); (2) a discernable minimum, followed by a region over which the integrals increase rapidly (region B); and (3) a point beyond which a broad region exists (region C) in which the integrals become unbounded. This point progressively moves toward larger p values as a increases, in agreement with stability calculations.5 The fact that the minmum in (2) occurs at considerably less than the p value required to produce the first instability is surprising, since p is proportional to the ac drive voltage and we have been used to thinking, based on pseudopotential theory, that increasing this voltage increases the trap depth. As we will see later in this article, the increase in (3) with p for p values close to, but below the first instability, is the result of a longer settling time in this stability region. Table I 
For a particle of a fixed size and density trapped at line frequency (i.e., 60 Hz), and STP N2 (i.e., 273.15 K and 1 atm), both a and the coefficient 8 d/m2w3 are determined, and one can obtain the minimum rms fluctuation from the appropriate minimum in I. For example, for a particle of 10 pm radius with a specific gravity of 1.2, a=3.6, flmin= 5.73 (by interpolation in Table I ), and the minimum rms fluctuation is 0.25 pm corresponding to an I of 0.39. This value of p is easily reached by adjusting a combination of charge q, driving potential Vi, and characteristic length z,. An rms fluctuation of 0.25 pm can be considered to be on the fringe of optical resolution in the visible; for a reasonable long working distance objective, the numerical aperature NA=O.6 in air, and the corresponding resolution of a microscope operating near A=O.5 pm is d/2(NA) =0.41 pm. As the driving potential is reduced on this 10 ,um particle, with all other factors remaining equal, the rms fluctuation increases substantially. For example, with p at 0.3, I climbs to -30 and the rms fluctuation is expected to reach 2.4 ,clm; such a fluctuation should easily atfect long term imaging. Motion in the x or y directions follows an equation of the same form as Eq. (3), however, the drive coefficient P is reduced by a factor of 2 in relation to motion along the z axis; the factor of two comes from the weaker field along x or y in relation to z [see Eq. ( 1 >]. Thus, m= $j5= J(S~/m2c03)I(a,P/2).
COMPARISON WITH PSEUDOPOTENTIAL THEORY The inverse /3" dependence of the variance of z in the limit of small /3 (region A) in contrast to the behavior in other regions (B and C) may be understood from pseudopotential theory. However, before entering into that realm, it is instructive to look at characteristic trajectories in each of these regions. Figure 3 shows typical particle trajectories h(T,O) in three dynamical regions: A. the region in which I reveals a l/p2 dependence (a =4, p= 1) ; B. near the minimum point (a=4, p=6.39); and C. close to, but below, instability (a=4, B= 11.0). As expected, the fastest settling time occurs at the point of minimum variance, as indicated by the relatively small values of the dimensionless time on the ordinate in Fig. 3B in comparison to Figs. 3A and 3C.
In addition, region A is distinct from the others, in as much as the oscillation of h is considerably smaller than the displacement itself. In such a region, one can expect to be able to obtain an analytical expression for (2) at STP in the small fl limit*0'20 by adapting a pseudopotential approach.31'g Our numerical results for integral I should allow us to understand the limitations of this approach.
In what follows we will review pseudopotential'Ovu) results, obtain an analytical expression for 1, and compare this expression with our numerical results.
In a region in which the particle's displacement from the center of the ELT may be represented as having a slowly varying displacement R,(t) and a relatively small, rapidly varying sinusoidal micromotion, one can show that the force on the particle averaged over a cycle of the micromotion may be approximated by v?G -[q2Nd lw.cl (20) (Ref. 24) , where E,, is the amplitude of the ac field, the gradient is evaluated at Rp , and the positive function b( w ) is (Ref. 20) . Within the framework of this approach, the particle is pulled to the center by a pseudopotential U =q%d& ( i.e., (F) t= -VU ) . Since E,, increases linearly with position along the z' axis (i.e., from Eq. ( I), E al&z = V,z/&, U is parabolic [i.e., U ==$b(o) x (Es&' = b(o) (qVl/$j2 $1, as ifthe particle were held by a spring. However, the force constant is clearly dependent on both drag and frequency. The dependence on drag can be quite large. For example, for a 6 pm diameter particle of unit density (cgs) at 60 Hz in N2 near STP, the pseudopotential is lowered by a factor of 530 from its value in vacuum. If we utilize equipartition and put kBT/2 of energy into the z degree of freedom, then the mean-square displacement found by equating the average value of the pseudopotential to k,T/2, {;",), is (22) where a and p are defined in Eq. ( 6) and o in Eq. (5). A comparison of Eq. (22) to Eq. ( 18) provides an analytical result for the integral I based on the pseudopotential approach, (23) It is expected that this result is applicable in the limit of small fl, and, indeed, the inverse f12 dependence in Eq. ( 23 ) is consistent with our numerical calculation in this limit, as clearly seen in Fig. 2 . To further compare this result to our stochastic calculations, we plot the ratio l/Ip in Fig. 4 for all of the cases shown in Fig. 2. Figure 4 clearly shows that the pseudopotential result for I is in good agreement with our stochastic numerical calculations in the small /3 region; however, as fl increases, the stochastic result towers over the pseudopotential result. It should be pointed out that although the last point calculated at p= 11.8 and a=4 in laser beam for viewing motion in the y-z plane. A fourth hole was drilled in the torus opposite to this viewing hole to correct the apparent assymmetry. For viewing the particle's motion in the x-y plane, i in. holes were drilled through the center line of the top and bottom hyperboloids.
An individual particle was viewed visually or with an integrating charge coupled detector (CCD) camera through the top electrode. The NA of the long working distance objective was 0.4; the computed resolution for this microscope is=O.6 pm.
Experiments were performed at 294.0 K and 1 atm. Spherical polystyrene particles with a nominal radius of 3.0 ,um were charged triboelectrically against a Teflon surface and dropped through the hole in the top electrode.25 After trapping a suitable particle it was brought to the center of the ELT by varying V,, (see Fig. 1 ). However, this left the particle with a slight oscillation in the horizontal direction ( -a particle radius). All particles showed visible oscillations under high magnification. Previous experiments in a spherical void electrodynamic levitator trap (SVELT) had taught us that this effect was due to a constant stray field at the center of the ELT.19 In addition to our own experience at elevated pressure, such stray fields are well known in single atomic ion trapping in vacuum. Although the effect in the atomic ion experiments may be corrected by driving contaminants off electrodes at elevated temperature,26 in our experiments contaminants are difficult to avoid near atmospheric pressure and a different approach is used. To eliminate the static horizontal component of this field, two additional electrodes with 1 mm diameter were implanted in the torus at right angles to each other and at 45" to the laser beam axis.2o Although these electrodes were at the same alternating potential as the torus, their average potential could be raised above or below the average potential of the torus. By manipulating the potentials on these electrodes the particle could be brought to the center so that no time averaged displacement of x or y was apparent. The particle was observed at this point to be undergoing random fluctuations.
The image of a nonabsorbing spherical particle at 90 from the incident direction shows two principal patches of light known as "glare-spots.27" For a 3 pm polystyrene particle, one spot near the back edge of the particle overwhelms the other in the image. Figure 6(a) shows the recorded image of a particle for a 0.1 s exposure (with At" laser) at a quadrupole potential Vi= 1654 V. The white ring in this figure is "hand drawn" to show the size of the particle. The patch of light associated with the intense glare-spot is approximately spherical, and small in comparison to the particle size. The width of the "glare patch," as computed from standard deviation in the x coordinate, is 0.8 pm. Figures 6(b) , 6(c), and 6(d) show recorded images of the same particle in Fig. 6 (a) , each for a 100 s time exposure, and at quadrupole potentials (i.e., V,) of 707, 1178, and 2 12 1 V, respectively. Each of the images appears to remain at a constant size for longer exposures. One easily sees the sharpening of the image with increased potential. In addition, the images are seen to have a round dinate) as a function of l/V, for several 100 s images taken with exposure to the LED source. Also plotted is the prediction from pseudopotential theory (dashed line) and from the stochastic model (solid line through x's), each for a temperature of 294.0 K. As one can see, the experimental results only agree with the pseudopotential model at the lowest drive potentials and deviate considerably from this model as the drive potential is increased. On the other hand, the experimental results are found to be in good agreement with the stochastic model at all points. Since the minimum value for y,, is well above the optical resolution limit, stochastic fluctuations and not optical limitations will clearly control the quality of long term images for this particle. Although the largest drive potential used in our experiments was 1800 V (rms), according to our dynamical calculations for this particle, instability will not occur until a drive potential of 18 500 V (rms) is reached. The large separation between the drive potential that produces an apparent minimum in y,, and the drive potential at instability, a factor of -13, in comparison with the ratios of Table I , is a consequence of the relatively large value of the drag parameter a =45.4 for this particle. The terminus of the pseudopotential plot at the instability point gives a value for y, of 0.06 pm, far below the measured minimum of 1.5 pm.
Further evidence for the correctness of the stochastic differential equation h. (4)] as a description for the motion is seen by observing other particles, from the side, near instability. Here enhanced fluctuations are seen as the instability is approached, in accordance with our numerical results (Figs. 2 and 4) . These fluctuations mask the voltage at which instability begins. For some time, the onset of instability (also known as the "spring point") has been used in the determination of particle size. ' The current work implies that the uncertainty in size, as arrived at through the spring point method, should be influenced by thermal fluctuations; size determinations at reduced temperature are expected to be more accurate. The miniium in y,, with increasing drive voltage is a feature of the stochastic model at all particle sizes that we have investigated. If we suppose that the experiment in Fig.  7 was carried out in the same appartus using a particle of the same type but merely varying the particle size, then we can compute the corresponding minimum in yrms. Figure 8 shows the results of these calculations. For a reasonable optical resolution of 0.6 pm, we see that a particle must be larger than 5.7 pm for the resolution in long term imaging to be optically limited.
Aerosol particle studies using Raman spectroscopy and fluorescence spectroscopy on spherical droplets in the 5 pm range have already revealed not only the chemical composition of a particle but also QED effects associated with resonant modes, such as enhanced energy transfer.7 The work in this article implies that an ELT modified in accordance with Fig. 5 will allow one to obtain distinct long term images in each of these scattering modes. In fact, we have recently used such an "aerosol particle microscope" to determine the orientation of fluorescent surfactants, using polarization resolved fluorescence images.28 We have also managed to acquire an image of the photonic modes associated with the QED enhanced energy transfer through images taken in acceptor luminescence.29
